Abstract-This paper presents analytical and simulation results for a wound rotor synchronous machine in variable speed, variable output applications. To enable efficient control, an optimized LQR strategy is employed. For secure power supply to the loads, the machine only operates in the generating mode. The concept presented provides great flexibility in operation of the synchronous machine and is suitable for small hydropower and wind generation applications. The method enhances efficiency in the control of synchronous generators.
I. INTRODUCTION
Machine configurations for different applications broadly fall into either the fixed or adjustable speed category, most of which are employed in wind and hydropower generation, electric vehicles and marine propulsion among others [1] - [6] .
In general, variable speed configurations offer greater flexibility and adaptability. In variable speed applications, a major drawback with the DFIG is that it needs a source of excitation. Common problems with Variable Speed Drives (VSD) employing DFIGs in general, are related to drops in the dc voltage link level either due to the inability of the grid side converter to supply adequate power to the dc bus during a load side system fault, or total absence of a stable source of power in the case of an isolated power system, especially during sustained events. The synchronous machine responds well in such cases because of its independent excitation system.
The permanent magnet synchronous machine is more efficient than its electrically excited counterpart, eliminates copper losses, and is also generally smaller in size, but its magnetic characteristics change with time [7] . In addition, there are limits to the control of the air-gap flux levels since there is no control of excitation.
The proposed scheme offers the following advantages:  Distribution network stability can be improved in areas with weak grid coupling.  The plant can work in an autonomous way; the synchronous machine always provides a way of charging the converter dc link without the need of an auxiliary source.
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 May allow increased percentage penetration of other renewable energy generation e.g. solar and wind into distribution networks.  Provides a responsive and efficient means of quickly ramping generation up or down when load demands. This paper models the steady state and dynamic behaviour of the proposed scheme using Matlab/Simulink and compares two methods of generating reference currents for controlling the generator loading and D.C. bus power balance.
II. SYSTEM DESCRIPTION
The proposed scheme comprises of a Synchronous Machine (SM) connected to an uncontrolled load commutated diode rectifier connected to the synchronous machine stator. Output to the system is via a PWM bidirectional vector controlled inverter. A capacitor connected in the DC link decouples operation of the two converters and a Battery Energy Storage System (BESS) with a bidirectional DC-DC converter is also connected in the DC link. This arrangement is such that the synchronous machine takes care of the slower electrodynamics while a DC-DC converter and BESS take care of the faster electro-dynamics associated with the system. The machine speed is allowed to vary within a limited range that is bounded by its synchronising torque limits.
III. MODELLING AND SIMULATION SYSTEM DESIGN OVERVIEW
Steady state defined plant operational modes are determined by an external power set-point P set which sets the system power balance mode. This set point is used as the main input to the control system and can be set based on scheduled operation. Since the set-point rate of update is relatively slow, the main scope of interest here is the response of the system to power fluctuations. Table I gives a summary of defined operational modes. In the table, P set is the external power set-point, P l is the actual local load, P l max is the maximum local load, and P 1 is the inverter output power. Fig. 1 shows the power relations in the proposed system. These derived relations between input and output powers assume negligible rotor and stator resistances, leakage inductances and friction and windage losses. 
IV. INPUT OUTPUT POWER RELATIONS
is the inverter output power and P 2 is the synchronous machine electrical power output, supplying a diode rectifier load. The magnitude of this load is determined by the dc link voltage level [8] . The model used here represents the fundamental harmonic components of the machine ac variables and the average value of the dc variables, while accounting for the effects of the non-ideal diodes. In order to quantify the output power of the synchronous machine, it is necessary to express the generator equivalent inductance as an equivalent subtransient commutating inductance because of the diode rectifier at its terminals [9] L is used to express the generator reactance because the switching actions of the diodes are much faster than the generator's dynamics.
Assuming no change in load current within one switching period, the transient commutating inductance for a synchronous machine connected to a converter is defined as:
For a diode rectifier, 0   . Given that closed-loop subtransient impedance is almost equal to open-loop subtransient impedance, the open-loop subtransient impedance can be used to represent generator behaviour and (2) gives the commutating reactance.
The synchronous machine power, 2 P , may then be quantified thus:
Equation ( [10] . This has an important implication for the steady state stability limit of the synchronous machine, and hence stability of its power output. The critical torque angle for such a machine is given by: 
The dependence of 2 P on speed and excitation voltage af E is seen in (3) . af E can be regulated with changes in speed by appropriate field excitation. As noted earlier, the load seen by the synchronous machine is determined by the dc link voltage level and in order to ensure proper energy balance in the system, this voltage, and by extension t V of (3) needs to be managed. This means that there must be supplementary means of balancing demand-generation mismatches in the dc bus. This is accomplished by the Battery Energy Storage System (BESS) and dc-dc converter.
The dc link power 4 P is given by:
V. SYSTEM MODEL
A. Synchronous Machine Model
The synchronous machine model used here is derived from [10] in the rotor reference dq-frame with currents as state variables.
B. ESC Converter Model
The average values of synchronous machine fundamental harmonic d-q variables are directly related to the dc voltage and current at the diode output. The model is an adaptation from [11] , [12] and includes components during the commutation and conduction periods. The equations are averaged within one switching period as shown in (6).
The expressions for the average stator ac currents in the d-q frames respectively are: 
C. RSC Converter Model
The RSC voltage equations in the d-q grid voltage synchronous reference frame are given as follows: 
D. Battery Energy Storage System (BESS) Converter
The BESS converter balances demand-generation mismatches in the dc bus by supporting the dc bus voltage. Neglecting switching, converter and dc bus losses, the converter dynamics are expressed in (13) .
where batt d is the converter duty cycle.
The dynamics combining the dc link capacitor and battery are governed by (14) .
As can be deduced from (14) , during steady state operation, the governing power balance in the dc link is given by (15) .
And the dc current is given by:
Under steady state conditions, it is therefore maintained at constant value. In case of a disturbance, a mismatch occurs in the power balance of (15), causing currents of (14) to flow through the capacitor. The battery in this case either charges or discharges, to absorb or supply the appropriate amount of current to maintain dc v
E. Battery Energy Storage System (BESS) Model
The battery is modelled using a controlled voltage source in series with a constant resistance [13] . The charge and discharge cycles are assumed to have the same characteristics. An optimal control strategy [14] , [15] with a Linear Quadratic Regulator (LQR) [16] incorporating integral control action presents an attractive strategy for controlling the synchronous machine and dc-dc converter. The state equation of the plant is linear, the cost function is quadratic and the control method covers the shaded operating range of Fig. 2 .
VI. CONTROL STRATEGY

A. Optimal Control of Synchronous Machine and DC-DC Converter
The proposed synchronous machine optimal control structure is a modified Field Oriented Control (FOC) and is shown in Fig. 3 with and D.C. Link Models command. The optimal reference current block simultaneously provides stator and excitation current references which are generated off-line. The PWM block outputs the duty cycle commands d q , d d while the exciter duty cycle modulator outputs its power stage duty cycle commands. The state variable coefficient matrices A 1 1 1 with unsaturated parameters [10] are given below: 
and speed is seen as an external parameter imposed by the prime mover.
Equations (17), (18) 
The 
The output vector is y=C v x(t) ,, 
B. Optimal Control Strategy with Integral Action
Integral action is provided by adding an extra set of variables into the small signal model of (25) [16] and the augmented state model is: ; ;
and 5, 3 O is a 53  zero matrix, while 3 O is a 33  matrix.
The discrete form of (29) is: 
Q and R are weighting diagonally symmetric positive definite matrices that penalize the state and control effort respectively. The problem is to find a gain matrix c K such that the control function of u minimises (32).
The matrix gain is expressed as:
where c P is the solution to the following Discrete Algebraic Ricatti Equation (DARE) [17] :
The control is optimized among all the integrable signals   c t u and the resulting optimal control law is given by:
Once the weighting matrices Q and R are chosen, the cost function to be minimised is expressed as follows: 
where Q is given as: 
(37) and R is an I 3 identity matrix. iii are generated to maximize the efficiency in the whole torque-speed plane [18] . These currents can either be generated; off-line and stored in look-up tables, or on-the-fly as by demand, for the same control structure of Fig. 3 . Both strategies are non-linear constrained optimisation problems. For simplicity, parameters are assumed not to vary. Formulation of the two strategies follows. 
C. Reference Currents
D. Optimal Reference Currents through Look-up
And from [10] :
The constraints were formulated in terms of the following constraint functions g t , g i , g v , and g f , for torque, current and voltages respectively. iii for each torque-speed duo.
To minimise memory storage, the values stored in the simulation look-up table were limited to those within the operating speed
E. Optimal Reference Currents Generated in Real Time
In this method, the optimal *** ,, rrr qs ds fd iii currents are generated during simulation in real time through derived analytical expressions. Below rated speed there are no voltage limitations, the machine is controlled in the constant torque region using the Maximum Torque per Ampere (MTPA) strategy. The torque per ampere ratio is maximised using the current vector. Above rated speed, it is controlled in the maximum power region using a flux weakening strategy [19] , which is accomplished by reducing the d-axis component of the current. Both regions are illustrated in Fig. 2 . 
where s I is the stator current amplitude. The torque expression of (43) MTPA and flux weakening modes depending on the speed and torque status and is illustrated in Fig. 5 for the case of an interior permanent magnet machine [20] . In the figure, when T . In this paper, the strategy adopted involves the additional variable fd i . Hence the optimal current reference generator of Fig. 3 is replaced by three compensators. Fig. 6-Fig. 11 show the system responses to commands following a step increase in local electrical load. Fig. 10 show responses with optimal currents generated for every torque-speed duo and stored in a lookup table. Fig. 7, Fig. 9 and Fig. 11 show responses with optimal currents generated on-line. From the simulation results, it is observed that using pre-calculated torque-speed maps for optimal current generation offers quicker response than generation of the same on-the-fly. However, it is also visible that overshoots and undershoots are prominent.
VII. RESULTS AND DISCUSSIONS
Storing torque speed related optimal maps may be expensive in terms of random access memory needed but the response is quicker and may be cheaper than on-line computations in terms of computational processing power. Memory requirements in the stored optimal map strategy can be minimised by restricting the operational range to achieve control objectives.
It is observed that the DC bus voltage fluctuations are less severe with on-line optimal current generation. This is because the time constants of the transients are faster than the computation time of the optimal values. In both methods however, significant stability of the DC bus voltage is observed. This stability is largely due to the combined action of the BESS and DC-DC converter. Incorporating a DC boost converter and BESS may from the controllability perspective, be a cheaper and more stable alternative than having a controlled converter at the terminals of the synchronous machine. This is an area for further analysis. 
VIII. CONCLUSION
This article presented a synchronous generator model suited for optimal control in variable speed, variable output applications within a specified range and compared two methods to generate optimal command currents. An optimal LQR strategy was employed for the generator control and two methods of optimal reference control current generation were compared. It is observed that by pre-defining and bounding a speed range, it is more operationally efficient to calculate and store optimal reference currents off-line than compute them in real time. The advantages of the off-line method are its quick response and reduced computation time.
The efficiency can be improved by more accurate modelling and generation of the torque speed maps. The proposed method can greatly enhance efficiency in control of synchronous generators used in variable speed renewable energy applications.
